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Abstract
Some necessary and su'cient conditions for oscillation of the solutions of Robin boundary problems of
neutral parabolic equations with several deviating arguments are obtained. c© 2002 Elsevier Science B.V. All
rights reserved.
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1. Introduction
In recent years, more and more scholars have become interested in studying the oscillation theory
of partial functional di:erential equations. We refer the reader to [7,2,8,4,10,12] for parabolic equa-
tions and to [5,3,6,9,13,11] for hyperbolic equations. However, only Cui and Li [4,10] and Mishev
and Bainov [13] have studied the necessary and su'cient conditions for oscillation of boundary prob-
lems of neutral hyperbolic equations with deviating arguments, and we do not @nd the work of the
necessary and su'cient conditions for oscillation of Robin boundary problems of partial functional
equations.
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Our aim in this paper is to obtain some necessary and su'cient conditions for oscillation of
neutral parabolic equations with deviating arguments of the form
@
@t
[
u(x; t)−
L∑
k=1
k(t)u(x; t − 	k)
]
=a(t)Lu(x; t) +
m∑
i=1
ai(t)Lu(x; i(t))−
r∑
j=1
qj(t)u(x; j(t)) (1)
(x; t)∈ × [0;∞) ≡ G, where  is a bounded domain in Rn with a piecewise smooth boundary
@, and  is the Laplacian in the Euclidean n-space Rn.
Suppose that the following conditions (C) hold:
(C1) a; ai; qj ∈C([0;∞); [0;∞)); i∈ Im = {1; 2; : : : m}; j∈ Ir = {1; 2; : : : ; r};
(C2) i; j ∈C([0;∞);R); i(t)6 t and j(t)6 t;
lim
t→∞i(t) = limt→∞j(t) =∞; i∈ Im; j∈ Ir:
(C3) k ∈C ′([0;∞);R) and 	k = const:¿ 0; k ∈ IL = {1; 2; : : : ; L}.
We consider the following Robin boundary condition:
(x)
@u(x; t)
@N
+ (x)u(x; t) = 0; (x; t)∈ @ × [0;∞); (2)
where ; ∈C(@; [0;∞)); 2(x) + 2(x) 	=0; and N is the unit exterior normal vector to @.
Denition 1.1 (Li and Cui [7] and Mishev and Bainov [12]). The function u∈C ′(G) ∩ C1( OG) is
said to be a solution of problem (1); (2) if it satis@es (1) in the domain G and the boundary
condition (2).
Denition 1.2 (Li and Cui [7] and Mishev and Bainov [12]). The solution u(x; t) of problem (1);
(2) is said to be oscillatory in the domain G=× [0;∞) if for any positive number  there exists
a point (x0; t0)∈ × [;∞) such that the equality u(x0; t0) = 0 holds.
In this paper, the following fact will be used.
Lemma 1.1 (Ye and Li [14, Theorem 3.3.22]). Suppose that 0 is the smallest eigenvalue of the
problem
L (x) +  (x) = 0 in ;
(x)
@ (x)
@N
+ (x) (x) = 0 on @ (3)
and  (x) is the corresponding eigenfunction of 0. Then 0 = 0;  (x) = 1 as (x) = 0(x∈) and
0 ¿ 0;  (x)¿ 0(x∈) as (x) 	≡ 0(x∈ @).
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In the following section, some necessary and su'cient conditions are obtained for the oscillation
of the solutions of problem (1), (2) in the domain G. We note that the su'cient conditions for
oscillation of problem (1), (2) for (x) = 0 have been obtained in [2,12].
2. Main results
Theorem 2.1. Let conditions (C) hold and (x) 	≡ 0 for x∈ @. Then the necessary and su;cient
condition for all solutions of problem (1); (2) to oscillate is that the neutral di<erential equation
d
dt
[
v(t)−
L∑
k=1
k(t)v(t − 	k)
]
+ 0a(t)v(t)
+ 0
m∑
i=1
ai(t)v(i(t)) +
r∑
j=1
qj(t)v(j(t)) = 0; t¿ 0; (4)
has no eventually positive solution.
Proof. (i) Su;ciency. Suppose to the contrary that there is a nonoscillatory solution u(x; t) of
problem (1); (2) which has no zero in  × [t0;∞) for some t0¿ 0. Without loss of generality we
may assume that u(x; t)¿ 0 in  × [t1;∞) for t1¿ t0. Then there exists a t2¿ t1 such that
u(x; t − 	k)¿ 0; u(x; i(t))¿ 0; u(x; j(t))¿ 0
for (x; t)∈ × [t2;∞); k ∈ IL; i∈ Im and j∈ Ir .
Multiplying both sides of (1) by  (x)¿ 0 and integrating with respect to x over the domain ,
we have
d
dt
[∫

u(x; t) (x) dx −
L∑
k=1
k(t)
∫

u(x; t − 	k) (x) dx
]
=a(t)
∫

Lu(x; t) (x) dx +
m∑
i=1
ai(t)
∫

Lu(x; i(t)) (x) dx
−
r∑
j=1
qj(t)
∫

u(x; j(t)) (x) dx; t¿ t2: (5)
Using Green’s formula and Robin boundary condition (2), it follows that∫

Lu(x; t) (x) dx=
∫
@
[
 (x)
@u(x; t)
@N
− u(x; t) @ (x)
@N
]
dS +
∫

u(x; t)L (x) dx
=
∫
@
[
 (x)
@u(x; t)
@N
− u(x; t) @ (x)
@N
]
dS − 0
∫

u(x; t) (x) dx; t¿ t2;
(6)
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where dS is the surface element on @.
Case 1: If (x) ≡ 0; x∈ @. Then from (2) we obtain that
(x) 	≡ 0; u(x; t) = 0; (x; t)∈ @ × [0;∞):
Hence we have∫
@
[
 (x)
@u(x; t)
@N
− u(x; t) @ (x)
@N
]
dS ≡ 0; t ∈ [t2;∞):
Case 2: If (x) 	≡ 0; x∈ @. Since @ is piecewise smooth,
; ∈C(@; [0;∞)); 2(x) + 2(x) 	=0;
without loss of generality, we can assume that (x)¿ 0; x∈ @. By (2) and (3), we have∫
@
[
 (x)
@u(x; t)
@N
− u(x; t) @ (x)
@N
]
dS
=
∫
@
[
− (x) (x)
(x)
u(x; t) + u(x; t)
(x)
(x)
 (x)
]
dS = 0; t ∈ [t2;∞):
Therefore, from Cases 1 and 2, it is easy to see that∫

Lu(x; t) (x) dx =−0
∫

u(x; t) (x) dx; t¿ t2: (7)
Moreover, equalities (6) and (7) imply that∫

Lu(x; i(t)) (x) dx =−0
∫

u(x; i(t)) (x) dx; t¿ t2; i∈ Im: (8)
Set
V (t) =
∫

u(x; t) (x) dx; t¿ t2:
In view of (5)–(8) yields
d
dt
[
V (t)−
L∑
k=1
k(t)V (t − 	k)
]
+ 0a(t)V (t)
+ 0
m∑
i=1
ai(t)V (i(t)) +
r∑
j=1
qj(t)V (j(t)) = 0; t¿ t2: (9)
Thus, V (t) is an eventually positive solution of (9), which contradicts the fact that equality (4) has
no eventually positive solution.
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(ii) Necessity. Suppose that inequality (4) has an eventually positive solution OV (t)¿ 0 for t¿ t∗
¿ 0, where t∗¿ 0 is some large number. From (4), we have
d
dt
[
OV (t)−
L∑
k=1
k(t) OV (t − 	k)
]
+ 0a(t) OV (t)
+ 0
m∑
i=1
ai(t) OV (i(t)) +
r∑
j=1
qj(t) OV (j(t)) = 0; t¿ t2: (10)
Multiplying both sides of (10) by  (x), we obtain that
@
@t
[
OV (t) (x)−
L∑
k=1
k(t) OV (t − 	k) (x)
]
+ 0a(t) OV (t) (x) + 0
m∑
i=1
ai(t) OV (i(t)) (x)
+
r∑
j=1
qj(t) OV (j(t)) (x) = 0; t¿ t∗; x∈: (11)
Set
u(x; t) = OV (t) (x);
(x; t)∈ O × [0;∞). On the one hand, noting that  	≡ 0 and Lemma 1.1, we have
L (x) + 0 (x) = 0; x∈
and equality (11) implies that
@
@t
[
u(x; t)−
L∑
k=1
k(t)u(x; t − 	k)
]
= a(t)Lu(x; t) +
m∑
i=1
ai(t)Lu(x; i(t))
−
r∑
j=1
qj(t)u(x; j(t)) = 0; t¿ t∗; x∈; (12)
which shows that Ou(x; t) = OV (t) (x) for (x; t)∈ × [t∗;∞) satis@es (1).
On the other hand, by (3) we have
(x)
@ (x)
@N
+ (x) (x) = 0 on @ (13)
which implies that
(x)
@u(x; t)
@N
+ (x)u(x; t) = 0; (x; t)∈ @ × [0;∞):
Hence Ou(x; t)= OV (t) (x)¿ 0 is a nonoscillatory solution of problem (1), (2), which is a contradiction.
This completes the proof.
Remark 2.1. Note that a necessary and su'cient condition for the oscillation of the solutions of
problem (1); (2) for (x) ≡ 0 and k(t) ≡ 0; k ∈ IL; has been obtained in [4].
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As in the proof of Theorem 2.1, we can prove the following two theorems.
Theorem 2.2. Let conditions (C) hold and (x) 	≡ 0 for x∈ @. Then the necessary and su;cient
condition for all solutions of problem (1); (2) to oscillate is that neutral di<erential equation (4)
has no eventually negative solution.
Theorem 2.3. Let conditions (C) hold and (x) 	≡ 0 for x∈ @. Then each solution of problem
(1); (2) oscillates if and only if Eq. (4) is oscillatory.
3. A sharp condition
Now we are concerned with the necessary and su'cient conditions for oscillation of all solutions
of problem (1), (2) for k(t)=k=const:, a(t)=0, ai(t)=ai=const:, qj(t)=qj=const:, i(t)= t−i
and j(t) = t − j, where i and j are positive constants, k ∈ IL, i∈ Im, and j∈ Ir .
Consider neutral parabolic di:erential equations of the form
@
@t
[
u(x; t)−
L∑
k=1
ku(x; t − 	k)
]
=
m∑
i=1
aiLu(x; t − i)−
r∑
j=1
qju(x; t − j); (x; t)∈ × [0;∞) ≡ G (14)
with Robin boundary condition (2). Using Theorem 2.1, we obtain the following result.
Theorem 3.1. Assume that
k ; 	k (16 k6L); ai; i (16 i6m); qj; j (16 j6 r)
are positive constants; and
L∑
k=1
k ¡ 1; (x) 	≡ 0; x∈ @:
Then each solution of problem (14); (2) oscillates if and only if the equation
= 
L∑
k=1
k exp(	k) + 0
m∑
i=1
ai exp(i) +
r∑
j=1
qj exp(j) (15)
has no real root; where 0 ¿ 0 is the smallest eigenvalue of (3).
B.T. Cui, Y. Liu / Journal of Computational and Applied Mathematics 146 (2002) 387–393 393
Proof. By Theorem 2.3; it is easy to see that the necessary and su'cient condition for all solutions
of problem (14); (2) to oscillate is that the equation
d
dt
[
V (t)−
L∑
k=1
kv(t − 	k)
]
+ 0
m∑
i=1
aiV (t − i) +
r∑
j=1
qjV (t − j) = 0; t¿ 0; (16)
is oscillatory. Moreover; from [1; Theorem 2.5.3] we have that each solution of (16) oscillates if
and only if Eq. (15) has no real root. This completes the proof of Theorem 3.1
Remark 3.1. We can obtain many necessary and su'cient conditions for oscillation of problem (1);
(2) by using above Theorems 2.1–2.3 and 3.1. Due to limited space; their statements are omitted
here.
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